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ABSTRACT 
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A  rtlation  b«tv««a  tte  tvoodlaaMlooal  v^dfi  prttMT* 

cotfflclMt*  for  shock  and  m^q/mamlon  It  sbovn  to  apply  for  thn  •ntlro 
hyyoraoaie  roglatk  As  a  conaaquaneo,  tha  harparaoale  soall-dlatarhanoa 
thaery  axpraaaieoa  for  thaaa  eaafflolcata  ara  farthar  aii^lifiad  aa 
ara  oalealatloaa  of  praasara  dlatrlbutloDa  on  arhltirary  tao-dlaaaalaaal 
confl^aratlona  at  hyparaonic  apaada. 
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S’J>«ARY 


Over  the  xmnga  of  hypereonlc  eimllArlty  jmrojMter  0.2  <  K  <  co , 
the  redMcedl  po^ssure  eoeff  i(?lent9  for  conprestlon  aci  expaneiOD  harre  been 
obeerve^^^  have  very  Marlor  the  relatlenahip 


.  T^l 


(i) 


where  C  and  C  eirs  c&lcxjLlatec!  resulte  of  two-dlaentloaal  hyperaoolc 
P  P 

•aall-dirtvo’bance  theory.^  *  It  ie  deaotuitrated  that  for  K  >  1.^ 


7  ^  ^1 


(2) 


acd 


7  K' 


(5) 


Thaae  reduced  preeeure  coefflclecte  give  ewbatAntlally  the  esaa  force 
roefflciente  for  slaple  convex  airfoil  shape •  as  those  given  by  either 
two -diaensloBal  hypersonic  eaall«dlsturbax>ce  theory  or  by  shock- 
expansion  theory.  Their  use  permits  'ooslderable  savings  in  co:3ptt> 
tat  ion  tins  in  oalculatiog  force  ^oefficlants  for  two* dimensional 
slrfolls.  Agree:asnt  with  limited  t.est  data  Is  good. 
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I .  ivTRowcrion 


Ite  prvasur*  cMffieicntt  for  tvo-dimnslotuLl  flow  OT«r  tbm  hyper¬ 
sonic  roBlm  0.5  :i  ®  have  been  derlred  by  various 
based  on  the  ideas  of  hypers<mlc  saall-dlsturbanee  theory.  Tbs  appllcs- 

tloB  Off  these  ooefflclsnts  to  specific  tvo»dieensloaal  airfoils  has  been 

(U) 

■ade  for  K  <  l.C  by  Dorrancs'  for  essentially  Isentroplc  floes  and  by 
Unaell^^^  for  0.1  <  K  <  10. 

Tha  present  papsr  Introducas  approxiaatlons  for  prsssure  coeffi¬ 
cients  Which  in  general  are  vlthin  teo  percent  of  ahock-ezpaasion 
'ajtaet*  tuo-diasaslonal  hypavsonlc  aaall-dlaturbanoe  valuaa.  The 
preaeat  efuatlens  are  aiaipla;  in  addition  an  axpreaaloe  relating  the 
bypareoale  similarity  fareaeter  X  befera  and  after  aa  axpanaion  la 
derived  and  some  rcsarks  cm  the  eorrespeadixsi  coaqpreaaion  relntlonahlp 

t 

are  eade.  The  result  is  a  simplified  practical  way  of  calealatizm 
forces  on  two-dlBeoslcnial  airfoils  over  the  entire  ranse  of  speeds  repre¬ 
sented  by  0.5  <  K  ^  ®  within  the  framework  ''f  the  tvo-dlmsnslonal  hyper- 
eenlc  small-dlsturbenee  theory. 

An  mDalyals  of  the  compression  pbsnoaszMm  for  the  isectroplo  expan- 
sicm  and  comP®^ison  with  oblique  shock  coipressloo  is  aade.  An  Invssti- 
pstioo  into  the  flow  phsooosoon  as  to  why  C  ♦  ?  •  T^l  Is  aads.  The 

relationship  between  several  theories  Is  brought  out  together  vlth  the 
ja^sent  ralotlstlons. 

'Hm  derivation  of  the  forces  on  two-dimensional  flat  plats  by  use 
of  the  piston  analogy  is  Kde.  The  results  sgree  well  with  those  of 
two-dimensional  hypersonic  small -d is turbaxx:#  theory,  for  X  -2.0,  ap- 
proxlmetely. 


II.  DISCUScICJI 


r-ijoii 

2 


To  bring  out  thm  deviatianA  of  C  <f  ?  froi&  tha  sub  it  is 

psrtlmnt  to  study  «lthsr  tbs  dsrlvmtlires  of  ssich  eoafficlsat  sad  eooipBrs 
tisBlr  varlstlon  vitb  K,  or  to  sxsBine  the  derlvatlvas  of  tbs  avm.  Tbs 
latter  s^farosch  is  made  bare. 

For  1.0  the  fUiv  is  Isentropic  for  conpf  ssion  ss  imII  as  axpan- 
Sion.  'Alls  has  been  established  by  BxissBsnn^^^  to  tbe  second  ordsr  suid 
by  DorruBcs'  to  tbe  first  order  in  5  and  is  shews  in  Fig.  1.  Both 
thoorstieal  treataenta  foUov. 

Including  the  sscond  nrdar  in  flov  dsflection,  Busensan  gires 


and 


fron  wblch 


uhars 


(5) 


C  -  C,  ^  5^ 

P  12 

C  «  -  C,  5  ♦  C..  6^ 

P-  1 


V^) 


(*3) 


aad 


y  M 


ir" 

oo 


Tills  suggestion  le  acknowledge i  with  thanks  to  Dr.  W.  D.  Bayes, 
Associate  Frofsseor  of  Aero.  Xng-,  Princeton  University. 
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B«ne«  tlM  d«rivfttlv«  ii 


-3* 


00 


-ac^  ^ : 

« j 


(6) 

wh»r«  K_-  K  /a  ,  which  !•  for  6_  ^5  5®,  1.3  <  15 

OO  QO  aBX  00 

mr  for  <  1.0  (oloo  ri4.  1).  it  is  alwajw  na^atlT*, 

locrwoolof  pooitlTwly  towd  Mro,  oo  that  aa  -t-oo  ,  it  la  taro. 

Laltooa^^^  haa  tabolatad  (or  of  Ref.  Q,  Table  3)  onrar  tha  raafa 

of  Mach  mabar  1.1  <  ■<  100.  Ucwawar,  aioee  tha  flow  la  pcatulated 

aa  laantroplc,  iba  daflaetiaD  ancle  auct  be  kept  aaiall  aaoaRb  •<>  that 

•<  1.0  afproxlaately.  flcara  2  abova  tha  effect  of  b  on  the  rarla* 

t  ion  of  2C»  vlth  K  .  It  aaet  be  noted  that  the  effect  of  5  la  rather 
2  00 

prowmncd  but  th.  of  w.  no»U»U..  lo  trtth  tta. 

Other  etttnrae  ahown.  (Further  raaarka  oo  validity  will  aubaequantly 
follow.)  Tha  pracedlnc  ladlcatea  that  porovided  •  0(1),  tha  Mach 
aori^r  aaa  locraaae  Indafinltaly  aad  at  ill  prorlde  raaaooable  acree* 
aant  vlth  other  pertinent  laentropic  theorlea. 


Dorraaea  haa  ahovn  [sef.  b,  Bf.  (29)'  ,  that  for  aaaantlall>'  eaen- 
trofic  flowa,  ^  1.0,  >  5.1*^,  that 


aad 


(7) 


(e: 


Froa  which  7  ♦  7 

P  P 

Indicated  in  fig.  2. 


T*-l  and 


0.  Thla  raault  la 


P-lOU 
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III.  ^-DixKKoioiaa  ffifpniccirc  j^'jux-Dif^jraANcs  '^tc-cmr 


A  eiallJir  Analysis  basad  on  tha  rssults  of  hypersonic  saall- 
disturbance  tlieory^^^ can  be  mda.  The  rerolts  are  ralld  for 
0.^<  oo  and  hsnce  co^pieoect  and  axt/end  the  Isentropio  treatasnt. 
Ibe  equations  art* 


.  2|i.  / 


u 

♦ 

K" 


(^) 


for  oblique  shocks  and 


2 

r  k" 


(I  -  K) 


-  1  ^ 


K  -  ^ 

-  r- 


or 


r  K 


e 

FI 


^  (10) 


for  isentroplc  expansion.  The  (Heriratlve  Is  necatlve  for  K  ^  0.^, 
beeoaes  positive  for  C.^  •  K  ^  2.^’:  nnd  then  negative  once  again  foi* 
2.^*)  ^  K  -  00.  Hcverer,  unlike  the  Bvueaans  appro xlmt ion  which  de¬ 
pends  upon  ,  the  greatest  alfference  between  3  ♦  and  ^4-1  Is 

^e 

about  .6  percent  st  K  -  over  ths  range  0.2  K  oo  (Pig.  2). 


over  ths  range  0.2 


P-lOU 


IV.  CCMPA.RlbU»  BEIWSSr  IZ-'.morLC  ash  _^OCK  COKPWTSIOH 


To  0Rln  an  Insight  m  to  tb*  ptenmaenon  7  >7  ■  7-fl,  It  was 

tbou^t  vort)ntfille  iovestlCAtioc  the  isentropic  coafareseion  la  the 
re#(lon  ^  ^  cv  apd  corsparloc  with  the  oblique  ehock  cooprreilon, 

t.q.  (^). 


Reeulte  take  on  the  form  of  pressure,  tensity,  te!a3>eretux*c,  )>#u:h 
nia^r  eni  velocity  variations  with  aad  coespaxint  then. 

The  isentropic  coapremBlar.  coefficisat  Is  by  ieflnition 


- 1 


I 


Rq.  (52)  (shlch  follows)  we  have  A  •  from  which 

^oo 


K 


X  • 


00 

ir 


1  ♦  ^  K 
?  00 


Futtlns  Eq.  (12^  Into  Zq.  (11)  anti  dividing  by  gives 


1 

> 

<1 

^  4 

1 

>  -  1 

r  ^ 
oo 

^4--. 

/ 

It  is  Interesting  to  Isvlate  briefly  ani  note  that  for  b  I 


(n) 


(12) 


(13) 


# 

fhla  enggvstion  was  aade  by  Dr.  C.  Qatlav,  Jr.,  ‘erodynaaicist , 
Tba  RAID  Corporation,  and  Is  a'-kz^cvledged  with  thanks. 
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^*0 


(1 


cc 


ilU) 


.-^quatlcn  (1^^  !•  rffa*otiiiMv  gco<I  erer.  to  l(^ks  smll  »b  unity  vher*  it 
ie  aboxit  1C  percent  hlffh  as  fo::q)«red  to  the  -^Iem  given  by  (1*) 

with  ^  •  .1  rm'Alana  and  ngreee  even  better  with  Bq.  (<7)  for  l.C 

(Fig.  1).  It  la  tc  be  noted  frcii  Sq.  {!'■*)  that 


-i-  -  (1  *  ^  1C  ) 

»x-  ^  “ 

c 


(!■.) 


Which  !•  slallar  in  fora  to 


(1  .  2^ 


(16) 


/  1 

p  '  -  -*T'"o^ 

Vfi 

the  result  obtalaef  for  laentrcplc  expaoslou  by  Cole  l^Ref.  2,  Eq.  (6-l6)l 
In  fact,  If  conpresilv*  and  expansive  flows  are  isslgnated  by  positive 


and  uegatl'^  ^  ^^^orre spooling  respactlrely  to  positive  or  nega- 
oc 

tire  slope,  ^5),  9q.  (1^)  represents  both  coapressloc  and  erpaosloB, 
respectively, 

rbe  ra'.uced  pressure  coefficient  based  o.\  tqs.  (2),  (TO,  (^),  (7). 
(P)»  (9),  (ID),  (15)  and  (lU)  are  plotted  in  Fig.  1. 

Ve  prooeet  vlth  conparlsor,  of  prosnure,  teqperature,  derislty  and 
velocity  ratios  base!  or.  ooxh  Isectrojlc  and  oblique  shoos  cOT^esslons. 
The  rt-aalnlng  l8»rrti*oplc  gaa  properties  were  calculated  froa  Eq.  (IT) 

bj  Ooiug 


It  esLX.  easily  be  shown  tnat  Llghthlll's  Eq.  (*»)'^^  and  gq.  (IT) 
are  Identlcsd.,  though  aot  the  s&ne  in  appesirance. 


P-lDll 

7 


The  velocity  x%tio  o*n  be  calctxlated  by  uee  of  the  enercy 
cquAtlOQ,  together  with  the  atetlc  tesperatere  retio  obtained  from 
Eq.  (IT).  energy  equation  !• 


(IS) 


ReeLmincixvg  we  get 


fro*  which 

^  f 

1 

oo 

It  le  Intereeting  to  calculate  Eq.  (lo)  in  the  hypereonic  eeall- 
dieturbaDce  lielt 


P-IjOU 

9 

Thm  cbIlqu«-»hOv*lj  propertl«»  are  nov  ealcuiatei.  frca  Eq.  (9) 


-  1  ■*• 


CD 


7  ^  ^  - ? - 5 

•CC  {  2^^  ,  ^ 


T 


GO 


(20) 


‘.h*  Rnnkl ne-Hugorilct  relationship,  '  h«  density  ratio  is 


1  ♦ 


'OO 


21*  >  -i- 

-IT  I) 

00 


(21) 


ar.d  by  the  equation  of  state  ua  get  the  shock  teoperature  ratio 


00 


(22) 


For  the  velocity  ratio  ve  see  (fro.-*  ^Ig.  5) 


Plguxa  5 

that  tit#  velocity  V  after  the  shock  Is 

•  ’r^  COB^  0  •♦•  (V  sin  0  -  u,)^  (27) 

vhere  Uy,  the  per^urbat icn  velocity  follovlng  the  shock  wave,  is 
relates  to  the  nomal  velocity  produced  b>  the  slope  5,  by 


F-ion 
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Q 


tt  V  ft 

'V  •  corT/'“"TT  “  c57C?".TT 


(2U) 


Sobstltutin^  Eq.  (?^)  icto  Sq.  w*  hav« 


2  2  _2  2 
V  co«  ®  ♦  V  »ln 

no  w  no  V 


2  2 

2  iin  8^  V  6 

®  coi'(g~T-g)  *  — 57- — ;- 

'  ¥  COO  (8  -  ft) 


Konre 


V  2 

-1-  •  l-2ft8  ♦ft 

T 

at 


(2') 


aaouxir^  s.a11  ft  8^.  fron;  (9)  v«  have 


7  •  2  (t»i) 


(7) 


•o  tha^ 


^  .  /T-  ft^(7  . 1) 

00  V  c 


(2^) 


cs 


K  ^  oc 


(?ba) 


Equation  (2'm)  la  qult«  almliar  Ic  fora  to  Bq.  (l^a).  'rtie  ralatlona 
axpreoMd  by  Kqa.  (1ft),  (17),  (10,  (?C),  (21),  (22),  ood  (26)  ar« 
plotted  In  Fl^.  and  ^b. 

r'ro-n  FLk.  44  th*  praaaure  rlae  in  laentroplc  flov  la  graatar 

(  ^)  ) 

tnar.  that  for  oblique  cb'^Krk  coHjrreaalon  prevloualy  noted  b>  lAltone 


p-:oii 

10 

for  1C  '  1.^.  It  1*  noti».'.  th«t  for  K  -  1.",  th«r*  !•  no  l*.rgt  cJlfrer«nc« 

lu  pressure  ratio  for  althar  t/pe  of  coapretaion,  a  phenonenor.  notai  by 
■&n\  vr  itera.  ^  Slrra  p/p  lua  \c,  ahock  ccEipreaslon  la  proportional 
to  K"  ,  Kq.  v^')#  than  aa  K  -»•  oc  ,  ?  ten  t*  ‘.o  a  firlta  llai^.  On  the 
other  ^iHr ! ,  ncn-viarous  thaory  ahoKs  »hat  *he  laeniropl'*  pr^aaura  ratio 

(I’')  i*  proportional  tc  K  a*  K  -►  oo  ,  hancr  tan.is  to  Infinity. 

Tl^  tewperatura  ant^  velocity  ra^  io*  ir.hi.  ate  the  nature  of  tha  dlaalpa- 
tlve  shock  flrrw  vhar  conparal  to  the  r-'spectlra  iaentropic  ralationa. 

Tha  teciparatiira  rls*  in  hi  «har  for  obllq>ie  shook  waves  than  for  iaantroplc 
flow.  The  velocity  decraaae  la  cca  An  or  tiaall  flow  daf lac t Iona  charac* 
terlatlc  of  the  atnall-ulsturbance  oblique  ehccka  ccnalderai  anl  evan  laaa 
for  laentropic  flow.  It  should  be  noioJ  thnt  for  convenience,  K  la 
iraneraily  uaat  for  althomCi  strictly  apeakinf,  the  lattar  la  the 

free-straajc  .h I al Laxity  peraaater. 
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V.  RE0I05  cr  VALIDITY  CF  isaHTROPlC  FLOW 


lection  an^le  ov«r  vblch  fbock  flow 


Th«  r«4lw  Off  M»cli 

can  b«  aaaw 

has  baan  done  from  •llgbtly  dLfferant  viawpolntt  paravlously^^^  . 


to  ba  laantrapic  is  Invest Lgatad  balcv  (although  this 

(M(5) 


PToa  FI4.  1,  It  its  evident  that  for  K  <  1.0,  -ha  Halting  isentroplc 
co*pr'-*sslon  coefflclfirt,  Bq.  (1^),  (for  5  •  0®)  and  the  shock  coef¬ 


ficient,  *!q .  (t),  are  substantially  the  saat .  Ciaca 

since  the  two -dins  ns  local  hjrparscclc  stmll-disturbance  theory'  Is 

valid  for  5  -  -1  say  t  *  0.2,  several  lqc>ox*tant  deductlcra  can  be 

20 


■«a<i«.  The  rtrs*  tJmt  C  ■ 


^  for  ii.entroplc  coapreselon 


(at  K  •  A.C).  The  corresxwnding  hiach  number  nortaal  to  the  shook  is 

6 

M  sin  0^  '  M  0^  •  K  froTi  which  M  •  1.7?  (and  laereases  with 
decreasing  K) . 

The  above  coser'/a*  Ions  result  ir.  Pig.  ?.  upper  saall- 

cisturbance  Halt  for  b  Is  taker,  as  0.2  rallons,  while  the  lover 
Halt  is  b  *0.  Tbs  Isft-tMUKl  Halt  is  for  shock  sttachBent  while 


the  right-hand  Halt  beccaas  C*  C  ss  M  -r*  od  . 

An  liqportant  feature  of  the  flow  aeotloned  briefly  sJbove,  is 
thst  Isentroplc  coaprwjslon  results  iii  less  co^prssslon  than  shock 
compression  below  <  1.0  approxlaate ly ,  for  b  >  0  (dcper.*.ing  on 
the  aagnltuie  of  t),  although  the  reverse  Is  true  for  K  ^  1.0  (fig. 
^a) .  It  Is  seen  that  the  greater  the  flow  oevlstlon  In  leentroplc 
compressive  flow,  tbs  Issr  the  cosqpress ion.  Laitooe^  '  in  coaparlcg 
approxivi**'  solutions  of  oblique  shock  and  Issctropic  coffpresslon 
lodicste'  this  K  ef^'cet  in  s  different  way.  That  is,  for  saall  flov 


•  -  V  e  ^  f  ^ 


•  t'ibSL 


'leflectlons  an^j  for  f< 
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-  I.ar,  is^ntroplc  cocpr«i»lon  produce* 
jprcater  preBiur**  Ir.orea*?*  tium  the  ohllque  shock,  wave  eveu  for  very 
snail  leflection  ao^le*.  However,  for  ''  2.U,  the  oblique  shock 
wave  proJuces  a  aach  snallar  pressiu*e  Increase  than  ieantx*oplc  cosi- 
presslon,  even  for  Very  large  flow  devlatiora. 

The  value  of  Pl^.  ^  is  brought  out  in  Pig.  1,  by  obaervlng 
HusesBirx'B  rasult*.  That  is,  in  order  to  estatliah  the  validity 
of  Buaesann's  result*  in  the  f ^  -  K  plaiie,  an  exaopla  calculation, 
h  -  C.IO,  and  O.Ol,  wa*  taken.  Here  it  la  seen  that  for  K  1.0, 
the  reaalt*  cf  this  theory  dc  not  differ  greatly  fro®  the  others  ehcvn, 
In  fact,  agrees  to  within  6.5  percent  cf  the  leectroplc  coapre»sluii 
'/alue  of  -iq.  (15)  for  h  *  C.IO  at  K.  -  1.0,  md  hence  Is  cloeely 
relate!  to  other  theories.  B&ist  t-n  noted  that  ths  Buaemnc 
result  varies  scnewhat  with  flow  derlatlon  selecteu,  although  only 
for  X  C.“.  For  exaaple,  for  5  ■  0.10  the  coarpresslon  ata  expansion 
ccjef  f Icients  are  higher  thsu-.  those  fcr  -  0.01  by  16  percent  and  Ik 
,**rcert  at  K  •  C.2C  but  these  differences  decrease  until  for  K  '*  C.50 
^ hwj  are  negllgloic.  Ths  agreeaent  between  ^uaemsx's  reaolts  for 
•>  -  .01  and  tne  otner  Isentropic  res. lit s  at  K  »  C.2C  is  excellent. 

It  appears,  ttec,  tha.  for  a  selected  k,  •^ubeao.no's  solution  agrees 
better  with  other  theories  a*  0,  even  thouga  M  -►  oo  ,  Tills 

aurtrlslcg  result  Lea.'e  on?  to  lelleva  ♦hat  the  smll-perturbatton 
effect  Is  perhape  lucre  io.rd.nant  than  tjie  Mach  number  effect,  at  leas' 

In  tnls  caae.  Figure  5  indicates  \aa  Mach  nuaber-def lection  angle 
relationship  graphically  for  Iser.^roplc  flov,  for  S  •  l.C. 

It  Is  noted  that  Kq.  (15)  provides  a  rcw  aolutlcr  for  ♦be  regine  of 


K  >  1,  M  well  at  fitting  into  the  preriout  tbecrlet  for  K<  I.O. 
Obviously,  Eq.  (IM  <loet  not  break  down  ^t  high  E  and  la  teen  to  gc 
beyond  the  bounJt  of  Klg.  (for  e*ai:qjle  the  aolutlor.  for  ft  •  0,10 


L 
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VJ  .  CHAKX  C»  SDCTLAFITY  FARAM5TER  THROUGH  A  SHOCK  OR  AH  IXPAHSIOH 


It  has  bs«D  previously  poiotsd  out'  ^  that  for  essentially  iaen- 
tropic  flow  where  K  1.0,  M  •  that  pressure  coefficients  cun  be 

escalated  and  integrated  over  tvo-dlnsnaional  airfoils  to  obtain  force 
coefficients  without  regs^rd  to  the  nunber  and  type  of  wavs  fronts  pre¬ 
ceding  the  local  slope  (see  Ref.  4,  Eq.  (29)).  Because  of  isent'opy, 
it  is  possibls  to  calculate  free-stream  pressure  coefficients  as  a 
function  of  K  based  on  M  and  local  slope  which  in  turn  cmkas  por- 

00  OD 

slble  the  closed  form  solutions  for  various  shaped  airfoils.  This 
techniqus  is  used  in  getting  force  coefficients  in  linear  twe-dioen- 
siooal  flows  and  has  been  kxiown  for  soist  tlas.^^^ 

I, 

Howsver,  for  K  ^  ,  the  flow  is  eharaeterlted  by  strong  shocks 

and  it  is  no  longsr  possible  to  disregard  the  shock  fronts,  eonseqpsntly 
it  has  not  been  possible  to  relate  the  local  pressure  coefficient  directly 
to  free-streaa  conditions  in  closed  form.  It  wae  necessary,  therefore, 
to  find  the  locsl  similarity  paraastsr  baaed  on  local  slope  and  local 


Mach  naii>er  in  order  to  calculate  local  pressxure  ratios  through  a  wave 
front.  These  ratios  can  be  related  to  free-streaa  static  pressure  by 
a  conseexitive  series  of  mult iplicst ions  of  the  local  pressure  ratios  at 
any  dovnstreaa  position  progressing  systematically  upetreac  until  free- 
streaa  conditions  are  reached.  A  closed  form  solution  it  derived  in 
Sec.  Till  lAich  applies  to  convex  slrfoila. 

The  relationship  for  the  change  in  K  through  an  oblique  shock  has 
been  calculated  (Rsf.  2,  Eq.  (3-27)).  It  Is  useful  in  the  developiasnt 
which  followi!  Jn  cc.  Till. 


1  4  ^  ^  vH  )  - 

2  H..  ;  P.  a. 


(?7a) 


- 


r.'  •^'ir 


or 
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^  k; 


\ 


P  00 

—  r* 


^ 


(2Tb) 


vh«r«  f  (K  )  !■  «l^:'  by  (9). 

P<j  ® 

Th*  ilr«e^  r«Latlor*hip  hovever,  be*,w«^r  alsil L^j'lty  pnrb"x?*or 
b«for»  and  aft«r  ar  iMntraplc  ^ixpanelon  throu^  Mi*  ari^ic  5-  Is  lerlrcd 
balov.  Tho  ratio  of  local  •t*»tlc  pretstire  ratio  thrc\Agh  an  expansion 
[froa  Raf.  6,  Eq.  (5.9)'!  In 


Proa  Raf.  2,  Sq.  (£-17),  for  r(l) 


(2 


equating  Eqs.  (2^)  and  (?)  results  in 


5 


y-1  ^2 

00 
7“ 


"T“ 


7^ 


K 


froo  which 


for  ')  <  .  1 , 


the  final  eq-jatlon  btcoaies 


( 


(!i) 


1 

K 


P 


(!la) 


-"-t. 


nqi.  (2?)  ani  tfie  slaiiar  rxpr^calcr.  fcr  cosyrtsslcr:  Is 


:  •  (^1 


j  .'  (1  -  5  r- 

QD  k.  * 

'  /  Qt 


which  for  1  anJ  fi  -►  0  becoa»« 


1  T-1 

K  ^ 


(^23) 


5qua.^lon  (32)  la  sear,  to  a^ree  very  well  with  3q.  (?7)  fcr  f •  C , 

K  ^  1.''  'Tig.  fc'.  It  r:u«t  he  noted  that  Eq».  (!!«)  aivi  (:2»)  are 

airror  Images  of  each  ©•‘her  abca»  the  line  .  It  1b  lnatn»c« 

1  1  ■ 

live  to  note  the  Halt  values  of  -  as  - —  npproa>:hts  Its  adnlMoa 

00  __ 

v.!lue.  For  coapreselen,  as  K  to,  (i.e.  C)  K  realns 

GO  y  00 

finite  d'»e  to  the  fact  that  Mach  nuuibcr  iecreaaes  through  a  shock 

or  In  Isertropic  conpresslcn.  '^n  the  ct,her  han'’,  for  the  axpanslor. 

process  at  •  5.0,  the  resulting  K  •  oc .  P^slcaiiy,  then,  the 

flow  will  expar..!  to  M  -  X  wtian  X  -  5.C  at  the  beglnnlrg  of  an 

00 

erpar.slOQ,  because  the  local  tearperature,  hence,  the  speed  of  acui.d 
goes  to  lero. 

Afiothar  relationship  for  the  change  In  slnilarlty  paraaater 


throtigh  a  shock  is  derived  in  See.  VIII.  It  is  oased  on  Sns.  (2) 
and  (2Tb)  and  is  eoosiderahly  sispler  In  fora. 


*^0. 


I- 1 
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VII.  AWWCXIMATL  P!^::b•;R»  70SFTICI?7^^ 


ApproxljMit«  «>xpr«aslori«  for  pr««*jre  coefflcie«t  c»n  be  ierlv*^ 
Eq.  (9)  by  ex.pandin£  late  eerlei  which  corjverge  for  both  K  ] 

71*  mMcal  Ir.  Eq.  (9)  can  he  written 


r-*- 


/'  /111/  2  '  I  /'  ’Kx 


(3') 


It 

which  converts  for  K  '  . 


^jrpanding  th«  rodlc^l  on  the  rl^rt-hiLDd  Into  o  serlctt  rw8'ttlt0 


In 


^’i  .  (i^)"  .  1  .  .  Lr  t)''  ^  ^ 


("It) 

2^ 


(^) 


ileti-'o  th«  opproxlmte  erpr«»«lrn  for  Tq.  (9)  becotae* 

,  ,2  _ 


P, 


2 


7TT 


(T«) 


ond  by  UM  of  Eq» .  (1)  »vm  (5%)  , 

r 


P  '  '  ^  K 


P,  K 


(I-:.) 


2q«ft^'lon*  (’/b)  and  (’6)  or*  qul'.e  •lailor  to  Eq».  (7)  and  (8)  (•«•  Fig*.  7 

an:5  ).  '"bw  procedure  le  the  '  for  obtmlrlng  Ir.  ♦he  reclor. 

.. 

K  '  —V  aoi  r««uit8  in 


r* 


c  ,  1 

■  i  ♦ 


-  ^  '  2 


1 


'  ’5  -  ~  -T  ♦  ^  ■  ’■'•7.  '  . 

(  ''KT  (  K)  .  f-ir)  i 


(^7) 


('^K) 
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aiva 


*~T  <  ~ 

74’1  — 


V  7-r 


(58) 


It  can  be  shovn  that  c*lcula*-ea  by  fiq.  (5®)  le  equal  to 

that  for  total  racvwa  for  K  -  ^  U  lees  for  K 

'  y  7" 

than  tl.U  value.  This  1*  not  physically  possible.  In  this 

case,  the  3  was  *aker  as  nqual  tc  -  which  ccrrespocds  tc  p  ■  0. 
«  r  K  * 

:  rom  an  engineering  viewpoint,  there  Is  no  practical  difference  essen¬ 
tially  In  force  coefficients  calculate-,  by  Eqs.  (V)  and  ( ’^)  and  those 
by  'exact'  ^aai  l-Ueturoance  theory,  Eqs.  (9)  and  pO) .  !:xaaples  of 
force  coefficients  calculated  by  Sqs.  (2),  (5),  (^5),  (56),  (?7)  and 
(53)  will  follow  (Figs.  7,  8,  10,  n,  12  a»l  15). 
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VIII.  WESisURE  DISTRIBOTI03  OVSR  A  COT/EI  AIRFOIL 


As  aantiODSd  1q  S«c.  VI,  a  clo««d  for*  solution  for  eonvnx  oirfoils 

will  be  derlred  using  present  results.  Tor  I.  •>  1  there  will  be  a  strong 

nttaehod  ataoek  on  either  or  both  a Idas  of  a  thin  airfoil  In  supersonic 

flow.  Dms  a  asthod  of  rolktlng  the  local  pressure,  p,  to  the  free- 

streuia  pressure  p  ,  Is  needed  to  compute  the  aerod/naalc  coefficients, 
oo 

Only  the  norm!  force  coefficient  Is  treated  here,  It  being  typical. 
Other  eoefflcienta  can  be  alsdlnrly  calculated.  A  aeleoted  airfoil  of 
arbitrary  eovraz  ahapa  at  angle  of  attack  Is  shoun  In  Pig.  9* 


Tbe  following  treats  tbe  selected  case  of  a  strong  shock  followed 
by  as  leeatrople  eiQjanslOD  (oc  one  side  of  tbe  airfoil).  Uslxig  Bq.  (2) 
results  In 


1 


2  ♦ 


CO  p. 


— 5 - 

— 5 - 


K  ^  1.4  (39) 

00 


— 


Firoc  8q.  (l6)  vm  hav*  for  l»«ntropic  ejqiMaion 
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< 


(16) 

Ualns  Eq.  (27b)  ve  for  the  •imllarity  par»aater  r«tio  throuch  a 
•bock 

which  is  sis^liflAd  by  •ubrtltvtlnc  Bq.  (2).  Solriof  for  I  wo  got 


*^00 


(»*0) 


rosmlt  of  Eq.  (^)  Is  plotted  la  Pig.  6. 

It  aoiot  bo  noted  that  the  charocterlotlc  angle  (for  K^)  la 
Eq.  (bo)  is  bMod  or.  the  initial  angle  between  Leading-edge  slope 
sad  free-stresa.  "nils  angle  differs,  In  general,  for  the  upper 
and  lower  surfaces  and  is  respectirely. 


6  _  -  5  -  a 

u,oo  I  u,x^ 


and 


t,<30 


i  *■  a 

f  ,*-c 


(bl) 


‘■:79i5 
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Bon  Eq.  (16)  la  appllcabla  In  the  laentroplc  region  after  the  ahock. 

th 

IB  DOtatiOD  of  tha  ratio  of  tha  praarure  at  the  1  point  tc  that 
inadiately  bahizid  the  ahock 


P 


('*2) 


th 

Tha  ratio  of  tha  preaaure  p^  at  1  point  to  that  IjBaadiately  behind 
*he  shock  p  la  expreaaad  in  tenaa  of  tha  kzsovn  quantitiaa  M  after  the 
ahock  and  the  nat  chaaga  in  alopa  or  net  tamlog  asgla.  The  Mach  niuaber 
M  lisHadiateljr  after  tha  ahock  la  readily  calculated  by  dividing  Kq.  (Md) 
by  Eqa.  (Ul)  for  the  upper  and  lower  aurfacaa,  raapaetirely .  By  eonae* 
rotive  oultipllcatioo 


(‘•5) 


Thsrvfon,  by  subatitutloo  into  'tq.  there  reivxlti  TltmXXy 


oo 


♦  2 


XaO 


OD  I 

XmQj 


(U) 


It  auat  he  noted  that  la  tha  only  variable  with  chordvlae  position 
for  either  surface.  The  oorual  force  coefficient  la 


o 
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chor^vlM  •tallim  ar«  rvLatad  by 


ft 


for  the  c*««  of  no  shock  vmre  at  the 


lead  Ins  •<S#e,  Sq.  (16)  is  directly 


ap^ll  cable . 


P-10 11 
2^ 

IX.  RS-'JLTS 


The  ?l»t  Plat* 

The  flat  pla^e  (where  K  •  K  n)  Is  especially  ®«*y  to  treat. 

In  this  case,  '■he  lift  anJ  Ira^  cat  be  oaleiilated  by  the  of 

P<is.  (5“)  aci  (V»)  for  K<  ,  an^  by  £qs .  (^7)  cuod  (*'^)  for 
U 

K  >  •  K»."wever,  the  case  for  K  >  l.*v,  rasults  Ir  an  extreaely 

ilEplB  exprwBkion  for  naa? ly  f-oa  Eqs.  (?)  and  (5)  we  get 


-  (> 


(4S) 


The  results  of  3q.  v^»)  are  plotte-j  lu  Fig.  (7;  along  with  tbosu  cf 
tvo-dlsHDsional  hyperscnlc  snK.U-dlsturb'tQce  theory,  linear  theory 
am  the  laectrOFie  results  Trorc  fiqs.  (7),  (5),  (55)»  (56),  (57)  taA  (5fi). 

It  rust  be  noted  that  in  calculating  ^  for  a  flat  plats,  for 
exaapls,  the  expression  for  0^,,  Lq,  (4;)  is  the  nost  practical  to 
use  (X  >  I.**).  The  expresslor.  for  pressure  coefficients  as  expressel 
by  Eqs.  (2)  and  (5)  are  the  sluj.lebt  in  practice  am  inyolre  nagll- 
glble  error  for  K  >  1.-,  for  ail  cnaes  worked  out  herein. 

It  appears  that  the  cos*)lnation  of  Eqs.  (2),  (3),  (3t)  and  (3c) 
achieve  excellent  ogresaent-  with  other  theories  throughout  the  entire 
raige  of  K.  The  slaipllclty  of  iq.  (47)  along  with  the  accuracy  sbovu 
In  Pig.  ^  mkes  It  useful  to  K  as  low  as  1.4  anl  with  less  ♦ban  3 
percent  difference  froa  the  'exact'  Eqe.  (9)  and  (lO).  It  will  be  noted 


that 


p-icu 

for  a  flMt  plate,  within  the  snail -an^le  spproxisst Iod. 

/.  Double  Weifc 

A  cos^psrlsor  of  theory  and  teet  fi»  mer  its  Ir.  Plijs,  10  11, 

CsLeulstlons  using  Sqs.  snl  (3'  )  for  K  -  i.'»  and  Kos.  (2)  aud 

(3)  for  K  1.^  are  ccsipsrel  with  thcce  of  shochMixpancloti  theory  and 
results  of  wind-tunnel  teste  on  a  doubls-vedge  alrfcil  wiUi  an  aspect 
ratio  sqvnl  to  one  in  the  Langley  11-lnch  hypersonic  wiai  tunael.  In 
•eaeral,  the  present  srthod  is  In  good  agree'jjcnt  with  shock-t-xpansirri 
theory,  the  error  varying  froa  C  at  a  -  (^to  I.')  percent  high  at  a  -  2 
for  C^.  The  saas  trend  holds  for  with  the  aarliai  error  war>'lng 
froB  C  at  a  •  0  to  about  ocM-hslf  percent  at  a  •  2i»®. 

The  McvJiflsd  Half  Vsdge 

The  present  results  are  compared  with  the  theory  of  Cola  and 
Vaa  Ihrhe  as  veil  as  the  shock-expansion  theory  for  a  aDdified  oalf 
wedge  for  •  l6  in  figs.  12  aad  13.  The  dlTferences  in  the  results 

W 

are  not  thought  slgalficant,  there  being  general  agreoKieot  over  the 
iwngm  of  angle  of  attack  sbcTvn. 


IX.  COJJCLOSICWS 
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Tbe  following  ••pect-o  of  flow  for  K  -c  oo  hav«  bc«n  pointed 

out : 

1.  “nw-re  Ij*  a  unique  reIation.Bhl^^ati»««n  the  reduced  preasura 

rotjff  iclenta  T  ^  •  7*1  o  'tr  the  range  0.2  <  X  c  oc  . 

Pc  P*  “ 

2.  Isontroplc  region  of  linear  »rJ  aecretiJ- order  thcorlea 

1*  a  functicr.  of  K  a!.d  1  (Fig.  5).  Tlie  K»acb  ourlar  car.  be  i»Ach  greater 
tTan  oue  for  i*-T;*ropy. 

3.  The  llailtlng  c^ar  of  ioer.treple  coapretelon  5  •  0,  Is  a  guile 
to  thn  behAYlor  of  the  oblique-shock  pbi'ncsenon  fer  C.2*e  K<  oo  ,  txsing 
nearly  equal  tc  oblique  shock  in  nature  for  K  <  1.0  anJ  indicating  the 
.nature  of  ar.  upper  bour-d  for  reversible ’coagprtsslve  flows  for  K  >•  1.0. 

1.  The  ’J»e  of  Sqs .  (2),  (3),  (3‘)  (M)  are  quite  accurate 

for  engineering  calculations  fer  surprisingly'  large  flow  deviations 
when  compared  tc  llaltc  test  iata,  as  well  as  Other  theories,  for 
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AB  APfLICATIOB  Cf  FX^TOH  FLOW  TO  TtfC-DIMBlBIOML  BTFCtSOWIC  TIXS 

The  riowt  la  tvo  plan**  par»IIiKl  to  aach  olber  and 

ztoraal  to  th.e  fLi^ht  path  (»«loelty  ractor)  are  eaaantlall^  Indapen- 
othar,  alnre  It  can  b«  *hoim  that  at  hyparaonlc  apceda, 
tba  tiaa  for  a  souad  varo  to  tra'/ars«  th«  dlitax^a  batwa«n  those 
pLanes  la  large  caa^ared  tc  the  tine  for  tha  vedge  or  body  to  paaa 
throve  then,  l.e.  in  ths  ratio  ^  .  The  flor  at  any  fined  pJan^ 

(in  afaee)  appears  aljeoat  indepeiuSent  of  adjacent  trmasraraa  planes 

and  depervla  only  gpoo  tha  tins  history  of  tha  body  as  it  pasaes  by. 

» . 

Coneefoertly,  for  a  two-diaeneional  viag,  a  flxad  ohaerevr  sees  the 

•otlon  of  a  epaa  siailar  to  that  generated  by  a  piston  aoring  In  a 

ioi^  The  daratlon  of  piaton  aotloo  Is  and  the 

vartleal  poaltlon  of<  the  *pieton*  Is  a  fuzietlon  of  tlae. 

(2) 

‘The  piston  prat  Ian  has  been  aolred  by  J,  D.  Cole^  and  can 
be  applied  to  tno^diaeDeional  hyparsonlc  flMs. 

Tlhe  foUowiag  «ill  be  devoted  to  this  application  and  will 
fiaalV  ba  ooqpareu  with  th«  raaalta  ef  tvo-dlaBaslcnal  hy^raonie 
saa llr-diaturban-a  theory  (Oole,  van  Pjrha).  Pigura  lb  iUiiatratas 
tha  ahb''b  phaaoaaaon,  slaulatad  by  a  pietoa  aovlag  .^pvar^. 


Pig.  It  A  Two-Olaeaaional  Conpressioa 
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Tbs  fsrcs  of  the  piston  on  tbs  &ir  is 
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by  substltotiog  E^s.  (I>3)  late  (I>2)  oxid  i3ts|p«tlQg, 
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«1U.ch  !•  ft  wftll-kDCvn  hypertonic 


tht  pu)  heacft  it  is  aJeo  the  force  of  the  cee  on  the  piston  ana  is  e 
positive  force  for  posit  ire  5.  Co^erlson  with  the  resalts  of  byper* 
fonle^ftoall  disturbenee  theory,  (9)»  i*  deferred  until  Inter. 

Ths  felloe ii«  is  the  cse«  for  the  vithdmving  piston  at  constant 
speed,  u^,  uhlch  slssilntes  ths  sxpa&sioc  side  of  ft  tuo>dlaensioDftl 
flat  plat*.  n«ura  19  iMufttretas  this  situstioa. 


It  this  cftse,  both  the  v<!loclty  and  the  epeei  of  eound  alon*  the  x 
axis  vary  lineerly^^^  through  the  fee  eo  that  eg.  (1-2)  upon  iategre 


Since  thl«  Is  mn  Isexrtroflc  flov, 
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Tot  K  >  Y  It  will  b-  net*  that  Eq, 
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(1-17^  «<r*«a  axactly  with  Cole'a 


rwaalt,  Eq.  (5). 
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(1-19) 


V' 


lo  •\cabln4  up  tjM  preswnt  revuita  cf  the  platen  appllcAtlon  far 
coaparaaalori ,  Eq.  (I-IO),  a.  1  cxpa:.sicm,  !?q.  (i-17).  It  la  aaen  that 
thfy  ooaqaure  faroratly  with  hyparaoolc  amll-dlaturbaac^  thaory, 
axcept  for  tha  arpanalon  caac  for  K  -  2.0.  K  •  l.C  tha  pr^aen* 
arpanalor  reault  la  percent  lev  vhila  t»t  K  •  2.0  it  1*  I*-  percant 

la'.  &a  co«::paral  with  -  ?  of  Bq.  (10).  Thla  takan  tc  b«  an  In'llca- 
tloc  ’hAt  at  K  ■«.  2.0,  tba  Idaa  of  In^apanoar.t  fleva  lx.  the  trainsvaraa 
Ilract'. o!.  Is  baln^  rloiat^i  to  ar  apprtclabl*  la^jr^e  for  axpaaalva 
flova.  Tba  ahpck  raaolta  of  the  plstot,  Kq.  (I-IC),  h^graa  vary  wall 
with  tba  amll-dlaturbanra  raault  of  Pq.  (9),  thrcwcbout  tha  raafa 

1 .0  ^  K  _  OD  . 

It  should  ba  notad  that  tba  relatlcma  axpraaaad  by  Bqa.  (I-*) 
for  and  K^.  (l-0)  for  p/p^ »  enn  ba  amlimtad  by  ■%.  (2).  Tba 
force  eoafficlant  for  a  platen  In  coi^pr«aalor.  (corraapOBdlsg  t« 

^'q.  (I -10))  la  than 
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Fig.  6  —  The  variation  of  similarity  parameter 
through  a  compression  and  an  expansion 
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Fig  II  —  A  comparison  of  experimental 
drag  coefficient  with  theory 
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